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A reduced kinetics model is proposed for ion permeation in low-conductance potassium ion channels with
zero net electrical charge in the selectivity filter region. The selectivity filter is assumed to be the only
conductance-determining part of the channel. Ion entry and exit rate constants depend on the occupancy of the
filter due to ion-ion interactions. The corresponding rates are assumed slow relative to the rates of ion motion
between binding sites inside the filter, allowing a reduction of the kinetics model of the filter by averaging the
entry and exit rate constants over the states with a particular occupancy number. The reduced kinetics model
for low-conductance channels is described by only three states and two sets of effective rate constants char-
acterizing transitions between these states. An explicit expression for the channel conductance as a function of
symmetrical external ion concentration is derived under the assumption that the average electrical mobility of
ions in the selectivity filter region in a limited range of ion concentrations does not depend on these concen-
trations. The simplified conductance model is shown to provide a good description of the experimentally
observed conductance-concentration curve for the low-conductance potassium channel Kir2.1, and also pre-
dicts the mean occupancy of the selectivity filter of this channel. We find that at physiological external ion
concentrations this occupancy is much lower than the value of two ions observed for one of the high-
conductance potassium channels, KcsA.
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I. INTRODUCTION

Ion channels are integral membrane proteins that provide
pathways for relatively fast ion movement across cell mem-
branes. They regulate ion passage by “opening” or “closing”
a pathway at a site called the “gate,” stochastically or in
response to some external factor such as a change of mem-
brane voltage, mechanical tension, ligand binding, etc. Their
ability to conduct ions can be selective with respect to ion
charge and size.

Ion channel conductance, selectivity, and gating have
been studied experimentally and theoretically for a long time
sfor reviews, seef1,2gd. The conductive pathways of ion
channels are water-filled pores that span the channel pro-
teins, allowing ions to pass from one side of a membrane to
the other along an electrochemical gradient. In the pore, ions
continue to have strong interactions with pore water mol-
ecules maintainingsfully or partiallyd their hydration shells.
The narrowest part of the pore in an “open” selective channel

serves as a selectivity filter. In this part of the channel the
ions, being partially or fully dehydrated, make direct con-
tacts with protein groups. The strong and specific interac-
tions with these groups replace the interaction with the hy-
dration shell water moleculesf3,4g. These interactions, as
well as the interactions with the more distant charged groups
in the selectivity filter environment, determine the selectivity
and conductance properties of the channelsf5g.

The conductances of the various selective channels, par-
ticularly potassium channels, differ from each other by more
than an order of magnitude, ranging from 10 to 40 pS for
low-conductance potassium channelsfe.g., for inward recti-
fier K+ channelssKir dg to 100–300 pS for high-conductance
potassium channelsse.g., KcsA, MthK, BKd. The most con-
ductive potassium channelssBKd can pass ions at a remark-
able rate,,108 ions per secondf6–8g. This very large range
of potassium channel conductances is one of the issues that
are currently unresolved. Much recent experimental effort is
devoted to illuminating this issuef8,9g. In this paper we
present a model to account for the conductance of the low-
conductance potassium channels and discuss a difference in
conduction mechanisms of the low- and high-conductance
channels.

There have been several theoretical attempts to develop
simple kinetics models for the concentration-dependent ion
permeation kinetics in single-file multi-ion channels. One of
the simplest equations, initially developed for ion channels
with single-ion occupancy of the poref10g, but frequently
used empirically for multi-ion channelsf1g, is the Michaelis-
Menten equation
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gscd = gmax
c/c1/2

1 + c/c1/2
, s1d

wheregmax is the maximumssaturationd conductance of the
channel andc1/2 is the ion concentration at whichg
=gmax/2. This equation is also widely used in enzyme kinet-
ics, where the constantKM ;c1/2

−1 is referred to as the binding
constant in the equilibrium theory, or as the Michaelis con-
stant in the steady-state theory.

To account for multiple-ion effects, including possible in-
hibition of conductance at high levels of external ion concen-
trationc, a single-vacancy model has been proposedf11,12g.
In this model, the pore can be occupied by eithern or n−1
ions wheren is equal to the number of ion binding sitesN in
the poresselectivity filterd. At very high c, the decrease of
internal ion transition rates due to depopulation of thesn
−1d-occupied states with an ion vacancy leads to a decrease
of channel conductance. Mathematically, the denominator of
Eq. s1d acquires ac2 term which is proportional to the recip-
rocal rate constant for the ion transitions inside the channel
f12g.

Similar to the single-vacancy model, a two-state occu-
pancy modelsn and n−1 ions in the selectivity filterd has
been proposed to describe the multi-ion permeation kinetics
in KcsA or other structurally equivalent channelsf13,14g. In
this model,n is not necessarily equal toN, and ion translo-
cation inside the filter is assumed to be fast, compared to the
ion exit or entry rates. The latter assumption and the assump-
tion that the filter always contains at leastn−1 ions lead to
an effective single-ion kinetics which is described by the
Michaelis-Menten equation.

The purpose of this work is to propose a theory for the
conductance of the low-conductance potassium channels
based on a simplified kinetics model of the selectivity filter.
This theory, in contrast to the earlier kinetics models, takes
into account multiple-occupancy states of the selectivity fil-
ter of multi-ion channel, and is able to describe the perme-
ation kinetics over a broad range of external ion concentra-
tion, where the possible change inn is greater than 1.
Accordingly, the model takes into account the changes of
exit and entry rate constants which arise from different de-
grees of ion-ion interaction for different numbers of ions
inside the selectivity filter of the channel. These changes can
manifest themselves as a deviation of multi-ion kinetics from
the Michaelis-Menten behavior. The theory and the underly-
ing kinetics model are based on several simplifying assump-
tions. These assumptions are valid for the low-conductance
potassium channels with zero net electrical charge in the se-
lectivity filter regionse.g., for the KirBac2.1 channel and for
the members of the Kir family: Kir2.1, Kir3.1, Kir3.4,
Kir4.1, Kir4.2, Kir6.1d but are probably invalid for high-
conductance channels, in particular for the well studied
KcsA channel. The theory is shown to provide a good repre-
sentation of the channel conductanceg as a function of the
ion concentrationc in the external bathing solutions when
tested against data for the Kir2.1 channel. The mean occu-
pancy of the selectivity filter as a function ofc is also pre-
dicted.

II. THEORY

The recent determinations of the crystal structures of the
bacterial potassium channels KcsAf15g, MthK f16g, KvAP
f17g, and KirBac1.1f18g have provided a template for the
pore structure of most potassium channels. In accordance
with these structures the current view of a typical potassium
channel is that the conductive pore of the “open” channel
consists of two major parts: a water-filled cavity wide open
to the cytoplasmicsintracellulard region, and a rather narrow
sin diameterd selectivity filter connecting the pore to the ex-
tracellular region. Since ions in the water cavity are fully
hydrated and their diffusive motion from or to the intracel-
lular region is relatively unrestricted, we assume the conduc-
tance of the wide open water cavity,gC, to be high compared
to the conductance of the selectivity filter,gF. These conduc-
tances contribute to the total channel conductanceg in the
following way:

g−1 = gC
−1 + gF

−1, s2d

i.e., the resistances in series add to give the total. Because of
the above assumptionsgC@gFd, gC contributes a negligible
amount to the total channel conductance, i.e., we have

g < gF. s3d

In the following, we omit the indexF on g and consider the
conductance of the selectivity filter only.

A general equation that describes the conductance of a
selective ion-conducting pore of lengthL and average cross-
sectional areaS connecting two bathing ion solutionssreser-
voirsd with symmetric sequald ion concentrations and con-
taining water and only one type of permeating ion carrying
chargeq can be writtenf19g, using the definitions ofg and
electrical mobilityu, as

g = quef fcchS/L, s4d

whereuef f is the effectivesaveraged electrical mobility of the
ions in the pore region, including the contributions of the
entry and exit of ions to and from the pore, andcch the
average concentration of ions inside the pore.

Assuming the geometry of the selectivity filtersparam-
etersSandLd does not significantly change with a change of
the external ion concentrationc, the onlyc-dependent factors
that affect the channel conductance areuef f and cch. This
assumption is valid unless conformational changes of the
protein in the selectivity filter region occur which drastically
distort the filter geometry with a change of an external ion
concentration. In addition, in the following we assume that
the change of ion concentration does not produce any other
changes in the filter geometry that can affectuef f through a
change of ion-protein interactions. This last assumption may
not be valid for some potassium channels, as was recently
discovered in the cases of the KcsA channelf20g and the
Kir1.1 sROMKd channel f21g. In the latter work it was
shown that inactivation of Kir1.1 due to membrane depolar-
ization is dependent on ion concentration, but not when ex-
tracellular loop residues of the channel are replaced by
Kir2.1 homologous residues.
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The quantitycch can be expressed in terms of the average
number of ions in the selectivity filternscd swhich is also
called the average occupancy number or the average popula-
tion of the selectivity filterd ascch=n/SL. Thus, Eq.s4d can
be rewritten as

g = quef fn/L2. s5d

To find the concentration dependence ofuef fscd andnscd
we need to analyze a kinetics model of the channel, which
determines a set of differential equations for the probabilities
of the channel to be in different states. These states describe
possible ion distributions over the ion binding sites in the
selectivity filter of the channel. Transitions between the
states correspond to the ion motion in the pore. The values of
uef fscd andnscd are directly connected to the changes of the
state probabilities and the transitions rates with external ion
concentration.

In accordance with the known crystal structures of K+

channelsf15–17g the selectivity filter of a typical potassium
channel contains four K+ ion binding sites. In these sites
dehydrated potassium ions are coordinated by the backbone
carbonyl oxygen atoms that compensate for the missing in-
teractions with the water oxygen atoms of the first hydration
shell of the ion. The refined structure of KcsAf3,4g and
theoretical estimationsf24g show that the KcsA selectivity
filter is surrounded by four negative charges provided by
carboxyl-carboxylate pairs formed by the side chains of
Glu71 and Asp80. These charges near the ion pathway create
a rather deep electrostatic well in the selectivity filterf25g,
attractive for cations. Similar wells apparently also exist in
MthK, BK, and other high-conductance channels whose se-
quences contain a negatively charged Asp residue in the se-
lectivity filter position equivalent to Asp80 in KcsA. In con-
trast to the latter cases, the selectivity filters of low-
conductance channelssKir1.1, Kir2.1, Kir3.1, Kir3.4, Kir4.1,
Kir4.2, Kir6.1, sWIRKd contain in the positions equivalent to
positions 71 and 81 of KcsA both negativelysGlud and posi-
tively sArgd charged residues which form salt bridges with
zero net electrical chargef26–28,5g. The dipole moments of
these salt bridges cannot create as deep an electrostatic well
along the ion pathway as the uncompensated negative
charges in KcsA or other high-conductance channels. X-ray
data analysisf3,20g and molecularsMDd and Brownian dy-
namics simulationsf22,23,29g indicate that the KcsA filter
under physiologicals50–200 mMd or even higher external
ion concentrations is occupied mostly by two potassium ions.
It then follows that the probability of finding three or four
ions in the selectivity filter of the low-conductance channels
is very small for ion concentrations not far from physiologi-
cal, due to strong repulsions among three or more ions,
which are not compensated by the interactions with external
negative charges as in the case of KcsA or other high-
conductance channelssKv, MthK, BK d. This allows us to
neglect the corresponding three- and four-ion occupancy
states in the kinetics model for low-conductance channels.
sFor details see Appendix A.d For the same reasonsi.e.,
charge distribution difference in the selectivity filter regiond,
we also neglect possible three-ion transient states, occurring
when the third ion reaches the top of the barrier near either

end of the filter, followed by concerted motion of all three
ions through the filterf3g. This type of ion motion is consid-
ered a major conduction mechanism in KcsA by MacKinnon
and co-workersf3,20g. The above argument suggests that the
rates of the transitions between the appropriate two-ion states
and the three-ion transient states are negligibly small for
low-conductance potassium channels, for not too high exter-
nal ion concentrationssfor details see Appendix Bd. The
charge distributionsand hence kineticsd differences between
the Kir channels and KcsA just discussed are responsible for
the fact that the conductance is an order of magnitude
smaller for the Kir family of channels than for KcsA, MthK,
or BK.

With the above restriction, we are led to a kinetics scheme
of the selectivity filter depicted in Fig. 1. The proposed
scheme consists of 11 states of the filter corresponding to
different binding site occupations; six states with double oc-
cupancy, four states occupied by a single ion, and one empty
state. The lines connecting states indicate possible transitions
between two states that are characterized by two rate con-
stantssforward and backwardd. Possible transitions include
the concertedsi.e., cooperatived transitions, when two ions
cross barriers separating binding sites, described by one tran-
sition in the kinetics schemef30g. In labeling the statesni,
and corresponding probabilitiespni, the first indexn=0, 1, 2
corresponds to the state occupancy number and the second
index denotes the substate within the same occupancy. A
transition that changes the occupancy numbersni→n8 j ,n
Þn8d corresponds to the entrysn,n8d or the exitsn.n8d of
an ion from the filter. The corresponding rate constantskni,n8 j

are called entry or exit rate constants. When we need to
distinguish between the entry or exit from the leftsLd or right
sRd sides of the filter we will use a superscriptsLd or sRd in
the notation for the rate constantse.g., k

ni,n8 j
sLd d. Transitions

between the states with the same occupancy numbersni

FIG. 1. Kinetics model for the potassium channel selectivity
filter.
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→njd do not involve entry or exit of an ion to or from the
selectivity filter. The corresponding rate constants are de-
noted askni,nj.

It is clear that even this restricted kinetics scheme with
about 50 parameterssrate constantsd and the corresponding
set of differential equations for the probabilitiespni are rather
complicated for a complete analytical analysis. There has
been some previous analytical workf31–33g restricted to
symmetrical two-ion channels or to simplifying limits, butg
was not derived as an explicit function ofc.

Several approaches for numerical analysis of kinetics
schemes have been also proposedf34,35,1g. In these ap-
proaches the rate constants for transitions between singly and
multiply occupied states are obtained from the single-ion
free energy profile. The kinetics schemes proposed in these
studies do not include possible concerted ion transitions, the
rate constants for which are difficult to estimate.

Experimental dataf3g and MD simulation resultsf36g
suggest that at equilibrium the ion motion inside the selec-
tivity filter si.e., transitions between states with the same oc-
cupancy number,ni→njd occurs on a much faster time scale
than the transitions that change the occupancy number,ni
→n8 j . Here, the time scale is determined by the reciprocal
rate of the unidirectional equilibrium ion flux for the transi-
tions between states. This implies that the relaxation time for
the equilibration between states with the same occupancy
number is much smaller than the average time between entry
or exit events at any external ion concentration. It also im-
plies that under the change of the external ion concentration
c, at equilibrium, the relative probabilities of the states with
the same occupancy numbern are unchanged. We also as-
sume that for very small deviations from equilibrium due to
a small voltage differencesqDV!kBTd across the membrane
si.e., very small steady-state currents through the channeld
these relative probabilities are virtually unchanged. HerekB
is Boltzmann’s constant andT the temperature. We can ex-
press these relative probabilities as the conditional probabili-
ties pi

snd fusually denoted aspsi undg to find the selectivity
filter in the substatei, given the prescribed value of the oc-
cupancy numbern. According to the standard rule of prob-
ability theory, we have

pi
snd = pni/pn, s6d

where

pn = o
j

pnj s7d

is the probability to haven ions in the selectivity filter irre-
spective of substatej .

The quantitiespn sas well aspnid change withc and are
the only quantities that determine the average occupancy
number n. The assumption in the last paragraphspi

snd

.constd allows us to ignore the details of the ion motion
inside the selectivity filter for the determination ofn or cch.
Thus, we can describe our system as a set of “generalized”
statessn characterized by the occupancy numbersn and the
probabilitiespn. Transitions between these new states corre-
spond to the entry or exit of an ion from the selectivity filter

and are governed by the reduced effective rate constantsk
n,n8
sLd

andk
n,n8
sRd . With pi

snd unchanged, these quantities are constants
sindependent ofcd and can be obtained as a result of an
averaging of the entry or exit rate constantskni,n8 j over all
possible initial states with the occupancy numbern and sum-
ming over the final states with the occupancy numbern8, i.e.,

kn,n8
sLd = o

i j

8pi
sndkni,n8 j

sLd . s8d

Here,oi j8 denotes a sum over those pairs of states that corre-
spond to the ion entrysor exitd from sor tod the L bathing
solution; a similar expression holds fork

n,n8
sRd .

These new states and the corresponding transitions pro-
vide the reduced kinetics scheme that is presented in Fig. 2.
Each transition increases or decreases the occupancy number
and corresponds to an ion entry or exit event. Comparing this
with the scheme of Fig. 1, we see that the number of states of
the selectivity filter is reduced from 11 to 3 and the number
of rate constants from 52 to 8.

The kinetics model corresponding to the scheme in Fig. 2
can be described by the rate equations

ṗ1 = − p1sk10 + k12cd + p2k21 + p0k01c,

ṗ2 = − p2k21 + p1k12c, s9d

together with the normalization equation

p0 + p1 + p2 = 1, s10d

where ṗn=dpn/dt, t is the time, and, for brevity,knn8;k
n,n8
sLd

+k
n,n8
sRd .
At equilibrium or in a steady-state regime we haveṗn

=0. Defining equilibrium constantsK1 andK2, where

K1 = k01/k10, K2 = k12/k21, s11d

we can write the equilibrium or steady-state solution of Eqs.
s9d and s10d as

p0scd =
1

1 + K1c + K1K2c
2 , s12d

FIG. 2. Simplified effective kinetics model for the selectivity
filter.
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p1scd =
K1c

1 + K1c + K1K2c
2 , s13d

p2scd =
K1K2c

2

1 + K1c + K1K2c
2 . s14d

It is easy to see thatp1=p0K1c and p2=p1K2c, and thatpn
=pn−1 at Knc=1. Note thatK1 and K2 are the ratios of the
sums of entry and exit reduced effective rate constantss11d.
We expect that due to electrostatic repulsion in the filter re-
gion, with the increase ofn, exit constantsknn−1 become
larger and entry constantsknn+1 become smaller. This leads to
the inequalityK2,K1.

The behavior ofpn is determined by the ratio ofK1 and
K2. If K2!K1, in the range ofc whereK2c!1, the behavior
of p1scd is close to that of Michaelis-Menten kinetics. In this
range ofc we also havep2scd,c2 when K1c!1 andp2scd
,c whenK1c@1.

Equationss12d–s14d allow us to evaluate the equilibrium
or steady-state average occupancy numbernscd,

nscd = o
n=0

2

npn =
K1c + 2K1K2c

2

1 + K1c + K1K2c
2 . s15d

We see that in the reduced kinetics model the description of
the concentration dependence ofn involves only two param-
etersK1 andK2, in contrast to the 48 parameters for the full
scheme in Fig. 1.

Using Eq.s15d we rewrite the concentration dependence
of the channel conductances5d as

gscd =
q

L2uef f
K1c + 2K1K2c

2

1 + K1c + K1K2c
2 . s16d

The behavior of the effective electrical mobilityuef fscd is
the only quantity remaining to determine. We give a qualita-
tive argument which suggests that for a restricted range of
external ion concentrationsssuch that the probabilityp3 of
the states with three ions is negligibly smalld uef f is indepen-
dent ofc in first approximation. According to its definition,
the electrical mobility of a charged particle determines its
drift velocity due to an applied electric field, and is inversely
proportional to the friction on the particle, or to the rate of its
kinetic energy dissipation. In homogeneous systemsse.g.,
ions in solutiond, it is known that the friction depends on the
average environment of an ion and depends only very
weakly on ion concentration; it may be considered in the first
approximation as a constant. Thus it seems reasonable to
assume that here alsouef f depends relatively weakly on ion
concentration, and hence in the first approximation to con-
sider thatuef f does not depend on the external ion concentra-
tion. We thus takeuef f in Eq. s16d a constant.

This allows us to rewrite Eq.s16d as

gscd = g0
K1c + 2K1K2c

2

1 + K1c + K1K2c
2 = g0nscd, s17d

whereg0=quef f/L
2 is the third parameter in the conductance

descriptionsin addition toK1 andK2d. The physical meaning
of g0 is evident from Eq.s17d; it is the channel conductance

for the average filter occupancy of unitysn=1d. Equation
s17d has been derived for a restricted range of external ion
concentrations such that there are no more than two ions in
the selectivity filter at any given instant. This limits the va-
lidity of Eq. s17d to thec range of 0øc&K2

−1. At higher c,
the neglect of three- and four-ion occupancy states and the
assumption of constantuef f may not be valid. With the aver-
age occupancy number approaching the number of ion bind-
ing sites in the selectivity filter,uef f will eventually decrease,
leading to a decrease ofg at very largec; seef1,34g for a
general numerical study,f12g for a theoretical analysis of the
“single-vacancy” model of ion permeation, andf37g for an
experimental observation for Kir1.1sROMK1d.

III. RESULTS AND DISCUSSION

Equations17d describes the concentration-dependent con-
ductance of a selective potassium channel in which the se-
lectivity filter provides the main contribution to the resis-
tance of the channel and is surrounded by residues with zero
net electrical charge. It was derived for a very small voltage
differenceDV across the membrane, but, sinceg is a constant
in Ohm’s law, Eq.s17d will be valid in the full linear re-
sponse range ofDV, wherei ~DV. The equation forgscd is
limited to the range of external potassium ion concentrations
for which the selectivity filter is occupied by no more than
two ions. We show in Appendix A that adding to the kinetics
scheme in Fig. 1 the states with three and four ions in the
selectivity filter modifies the equation fornscd, but leaves the
conductance near the physiological range ofc virtually un-
affected.

As is shown in Appendix B, electrical neutrality of the
nearest environment of the selectivity filter precludes the so-
called throughput cycle conduction mechanism in this type
of channel at these relatively low ion concentrations. The
absence of this mechanism, which if present would drasti-
cally increase the effective electrical mobility, allows us to
consideruef f as a concentration-independent parameter of the
conductance model.

It was previously noted that due to repulsion between po-
tassium ions the constantsK1 and K2 are such thatK1.K2
sor evenK1@K2d. Under such conditions the behavior of
gscd at low concentrationssK1c,1d is linear withc with the
slopeg0K1. At higher concentrationssK1c@1 but K2c,1d
following p1 attaining its maximum, the behavior of the con-
ductance is determined mostly byp2. At these concentrations
the conductance rises almost linearly withc as gscd.g0f1
+p2scdg with the slopeg0K2. The crossing point of the exten-
sion of this second quasilinear segment with theg axis gives
us an approximate value ofg0.

We can use Eq.s17d to fit the experimentally known con-
centration dependences of the conductances of potassium
channels with net neutral nearest environment of the selec-
tivity filter. We give an example for illustration. The recently
determined conductance-concentration dependence of the
Kir2.1 potassium channelf38g and its nonlinear least-squares
fit using Eq. s17d are shown in Fig. 3. The values of the
parameters obtained from the fit areg0=18.3 pS, K1

−1

=12.6 mM, andK2
−1=397 mM, withx2=7.74. For compari-

NON-MICHAELIS-MENTEN KINETICS MODEL FOR… PHYSICAL REVIEW E 71, 021912s2005d

021912-5



son, the plot of the nonlinear least-squares fit of the
Michaelis-Menten equations1d is also presented in Fig. 3.
The values of the parameters in Eq.s1d that produce the best
fit of the experimental data aregmax=27.2 pS andc1/2
=27.5 mM, withx2=19.8.

Figure 3 clearly shows the difference between Eqs.s17d
and s1d. The curves17d has a steeper slope at smallc s0–10
mMd and fits better the experimental points in this range of
ion concentration than the curves1d. At higher concentra-
tions s100–400 mMd, the slope ofs17d is again steeper than
that of s1d and the curves17d at 400 mM is far from satura-
tion, in contrast to the Michaelis-Menten curves1d which is
already close to saturation. The much smaller value ofx2 for
the fit by Eq.s17d implies an overall better fit than by using
the curves1d. The facts that our model fits the data for the
low-conductance Kir2.1 channel and that physically reason-
able values for the parameters are obtainedsK2/K1<1/30d
lend credence to the model.

Using Eq.s15d and the values of the parametersK1 andK2
we estimate that there are on average 1.3 ions in the selec-
tivity filter of Kir2.1 at 200 mM external K+ concentration
and 1.5 ions at 400 mM external K+ concentrationsthe high-
est concentration used inf38gd. These values are quite differ-
ent from the values estimated for the KcsA channel: 2 ions in
the selectivity filter when the external K+ concentration is
higher than about 20 mMf3g and 2.1 ions at 200 mMf20g.
Such a difference is expected and easily explained by the
different electrical charge distributions in the selectivity filter
region si.e., outside the immediate pore-lining region of the
selectivity filterd. As was noted, Kir2.1 is a potassium chan-
nel with zero net electrical charge in the selectivity filter
region. For this type of channel, a deep electrostatic well due
to negatively charged groups in the vicinity of the selectivity
filter, as in the case of KcsA, does not exit. Accordingly, the
equilibrium binding constantsKn are much smaller, andnscd
is shifted toward higher external ion concentrations. In addi-
tion, the electrostatic repulsion between two ions in the se-
lectivity filter in such a shallow well leads to an ion distri-
bution with the two ions tending to opposite binding sites of

the filter. This type of two-ion distribution is not favorable
for the throughput cycle conduction mechanismssee Appen-
dix Bd as the third ion approaching the selectivity filter ex-
periences stronger repulsion.

An Eadie-HofsteesEHd plot sg vs g/cd of the same Kir2.1
conductance data is given in Fig. 4. The curves correspond-
ing to Eqs.s17d ands1d are also presented. It is clearly seen
that the behavior of an EH plot of the transformed polyno-
mial ratio s17d corresponds at least qualitatively to the ex-
perimental data, showing a change of the slope in the EH
plot, whereas the transformed Michaelis-Menten curves1d is
represented by a straight line and shows more dramatically
the deviations from the experimental data. The majority of
the data points lie along two straight lines and cannot be
represented by one transformed Michaelis-Menten curve in
both the small- and large-c ranges of ion concentrations si-
multaneously. A similar situation arises for the high-
conductance channel KcsA, where the use of two sets of
parameters for the description of channel conductance by
Michaelis-Menten equation is proposedf14g. Separately,
they describe the low- and high-c behaviors of the conduc-
tance, but are not combined in one kinetics model. Our ap-
proach allows the appropriate description of the conductance
in the small- and large-c ranges in one model, and has one
less parameter than two separate Michaelis-Menten models.
To be fair, Nelsonf14g applies his method to a high-
conductance channel, which our model cannot handle.

The parameterg0 is defined as the conductance atn=1,
where the contribution of two-ion interactions in the selec-
tivity filter is small. We can expect that the equivalent quan-
tity for the high-conductance potassium channelsse.g.,
KcsAd is smaller, due to the deeper electrostatic well. How-
ever, the divergence of theg0 values among the low-
conductance channels may be larger than the difference be-
tween low- and high-conductance channels.

We conclude that the reduced kinetics model proposed in
this paper provides an improved description of the conduc-
tance of a specific type of potassium channelsi.e., the low-
conductance typed by taking into account the change in ion
entry and exit rate constants due to an increase of ion-ion

FIG. 3. Conductance-concentration depen-
dence for the Kir2.1 potassium channel. The dia-
monds show experimental data pointsf38g. The
solid line is the nonlinear least-squares fit using
the polynomial ratios17d. The dashed line is the
nonlinear least-squares fit using the Michaelis-
Menten equations1d.
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interactions as more ions enter in the selectivity filter of the
channel. In this paper we applied the theory to Kir2.1 since
extensive datag vs c have been determined expressly for this
purpose. When such data become available for other low-
conductance potassium channelssKir3.1, etc.d our theory can
be tested for them. Work is in progress to extend the model
to cases where the current theory does not apply, i.e., to the
high-conductance potassium channels with net negative elec-
trical charge surrounding the selectivity filter, e.g., KcsA,
MthK and BK. The latter requires further development of the
model to include the concentration dependence of the effec-
tive electrical mobilityuef f.
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APPENDIX A: EXTENSION TO MORE THAN TWO IONS
IN THE FILTER

The kinetics scheme in Fig. 1 is restricted to the states
where there are no more than two ions in the selectivity filter.
This is a reasonable assumption for not too high external ion

concentrations. For arbitrarily large concentrations the prob-
abilities to have three or even four ions in the selectivity
filter may not be negligible. Adding to the kinetics scheme in
Fig. 1 the states with three ionssfour possible statesd and
four ions sone stated will introduce two additional general-
ized statess3 ands4 to the reduced kinetics scheme in Fig. 2.
With these two new states and corresponding new reduced
effective rate constantssknn8d, the rate equationss9d change
to the following:

ṗn = − pnsknn−1 + knn+1cd + pn+1kn+1n + pn−1kn−1nc.

sA1d

In Eq. sA1d, the indexn=0,1,…4, and the values ofpn8 and
kn8n sor knn8d are equal to 0 when indexn8=n−1,0 or n8
=n+1.4. The normalization equations10d is now

o
n=0

4

pn = 1. sA2d

Introducing

K3 = k23/k32, K4 = k34/k43, sA3d

in addition to the already definedK1 and K2, we find equi-
librium or steady-state solutions of Eq.sA1d as before,

p0scd =
1

1 + K1c + K1K2c
2 + K1K2K3c

3 + K1K2K3K4c
4 , sA4d

p1scd =
K1c

1 + K1c + K1K2c
2 + K1K2K3c

3 + K1K2K3K4c
4 , sA5d

FIG. 4. The Eadie-Hofstee plot
of the conductance of the Kir2.1
channel. The diamonds show ex-
perimental data pointsf38g. The
solid line is an EH plot of the
transformed polynomial ratios17d
shown in Fig. 3. The dashed line
is an EH plot of the transformed
Michaelis-Menten equations1d
shown in Fig. 3.
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p2scd =
K1K2c

2

1 + K1c + K1K2c
2 + K1K2K3c

3 + K1K2K3K4c
4 , sA6d

p3scd =
K1K2K3c

3

1 + K1c + K1K2c
2 + K1K2K3c

3 + K1K2K3K4c
4 , sA7d

p4scd =
K1K2K3K4c

4

1 + K1c + K1K2c
2 + K1K2K3c

3 + K1K2K3K4c
4 . sA8d

The average occupancy numbern now includes the contributions from the new states with three and four ions, and can be
written as

nscd = o
n=0

4

npn =
K1c + 2K1K2c

2 + 3K1K2K3c
3 + 4K1K2K3K4c

4

1 + K1c + K1K2c
2 + K1K2K3c

3 + K1K2K3K4c
4 . sA9d

As with k10 and k21 sk10,k21d, due to the electrostatic
repulsion of the ions inside the filter, we expectk43.k32
.k21 and k34,k23,k12. This gives the inequalities:K4
,K3,K2.

In the range ofc where K3c!1, we havep4,p3!p2.
Thus, for this range ofc we can neglect the values ofp3 and
p4 in determining the average occupancy numbern. We also
find that Eqs.sA4d–sA6d reduce to Eqs.s12d–s14d. But, at
large enoughc, the contribution of theK1K2K3c

3 and
K1K2K3K4c

4 terms in Eqs.sA4d–sA6d may not be negligible,
and the quantitiesp3 sA7d andp4 sA8d will have to be con-
sidered in the evaluation ofn, i.e., Eq.sA9d has to be used.
However, at these large concentrations, the assumption of
constantuef f also may not be valid, so that variation ofuef f
with c may need to be taken into account. One aspect of this
is discussed in Appendix B.

APPENDIX B: THROUGHPUT CYCLE
CONDUCTION MECHANISM

In Appendix A we considered the effects of including the
three- and four-ion states of the selectivity filter on the aver-
age occupancyn of the filter, which were neglected in the
derivation of Eq.s17d for the conductance. This equation
also assumes thatn is the only concentration-dependent
quantity, i.e., that we can neglect the concentration depen-
dence of the effective electrical mobilityuef fscd in Eq. s16d.
Here we discuss one of the conditions necessary for the va-
lidity of this assumption.

Studying KcsA, Morais-Cabralet al. f3g concluded that at
external ion concentrations greater than 50 mM the occu-
pancy and ion distribution in the selectivity filter of KcsA do
not change much. They found that at these concentrations on
average there are two potassium ions in the filter which are
evenly distributed over the ion binding sites. They proposed
that the increase of the conductance with ion concentration
under these conditions occurs due to a throughput cyclesor
knock-offd conduction mechanism, whereby the entry of a

third ion into the filter is accompanied by a shift of the po-
sitions of two filter ions and by an exit of one of them. This
mechanism does not require an increase ofn to increase the
conductance and therefore is connected with an increase of
the effective electrical mobilityuef f with ion concentration.

One can show that the contribution to the channel conduc-
tance due to this throughput cycle mechanismsDgd can be
written as

Dgscd = cb25p25 + cb22p22 = cp2sb25p5
s2d + b22p2

s2dd.

sB1d

Here b25 and b22 are proportional to the rate constants for
forward and backward equilibrium throughput ion transfers
in the doubly occupied filter and are essentially the deriva-
tives of thesnonequilibriumd steady-state rate constants with
respect to the applied voltage at a steady-state ion transfer.
These rate constants reflect three-ion interactions and are of
essentially the same nature as the rate constants for transi-
tions between two- and three-ion states. One of the assump-
tions for the validity of Eq.sB1d is fast equilibrium transi-
tions between statess25d ands22d; this requires both a small
energy difference and a small energy barrier between these
states. In this case the only rate-limiting step for the through-
put cycle mechanism is an entry of the third ion to the filter.

According to Eq.sB1d, Dg depends linearly on the condi-
tional probabilitiesp5

s2d and p2
s2d of the statess25d and s22d.

As was discussed earliersSec. IId, fast internal transitions
lead to the concentration independence of the conditional
probabilities. In this case, the concentration dependence of
Dg is determined solely by the product ofc and p2scd and
thus, in general, is a ratio of a cubic and a quartic polynomial
fsee Eq.sA6dg. ThereforeDg contributes at most over a finite
range ofc. If the equilibrium constantsK3 andK4 are small
scompared toK1 and K2d, such that the probabilities of the
three- and four-ion statesp3scd and p4scd are small for not
too high c, but c is high enough forp2 to be at itssbroadd
maximum value,Dg can exhibit quasilinear behavior withc
f3,39g. If, however, for some reason the contributions ofp22
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and p25 to p2 are small, the contribution ofDg to g will be
small too. This probably occurs for low-conductance potas-
sium channels for which the absence of a deep electrostatic
well sas occurs in KcsAd and ion-ion repulsion make the
state s23d the dominant state for double ion occupancy
sp2

s2d ,p5
s2d!p3

s2dd. For this state the entry barriers for the third

ion are too high, and therefore this state’s contribution to the
throughput cycle conduction mechanismsB1d can be ne-
glected. This is fortunate for the analysis of Kir2.1 and other
low-conductance potassium channels; using Eq.s17d alone
involves three parameters, but using Eq.s17d together with
Eq. sB1d involves four additional parameters.
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